This paper is a written form of a talk. It gives a review of various notions of Galois (and in particular cleft) extensions. Extensions by coalgebras, bialgebras and Hopf algebras (over a commutative base ring) and by corings, bialgebroids and Hopf algebroids (over a non-commutative base algebra) are systematically recalled and compared.
Introduction
The history of Hopf Galois extensions is nearly 40 years long, as it can be traced back to [20] . Since then it is subject to a study of always renewing interest. There are several reasons of this interest. First of all, the algebraic structure is very rich. It has strong relations with the problem of ring extensions. It is connected to (co-)module theory and a descent problem. On the other hand, Hopf Galois theory unifies various situations in an elegant manner. It is capable to describe e.g. classical Galois extensions of fields or strongly group-graded algebras. Another application of fundamental importance comes from non-commutative differential geometry. From this latter point of view, a (faithfully flat) Hopf Galois extension is interpreted as a (dual form of a) non-commutative principal bundle. Although the theory of Hopf Galois extensions was very fruitful, the appearance of non-fitting examples forced it to be generalised. Generalisations have been made in two different directions. In one of them the coacting Hopf algebra (or bialgebra) was replaced by a coalgebra. Since this change results in loosing the monoidality of the category of comodules, the notion of a comodule algebra is no longer available. Still, the essential features of the theory turned out to be possible to maintain. The notion of a Galois extension by a coalgebra appeared first in [33] and then in [16] . The most general definition, which will be used in this paper, can be found in the paper [15] by Brzeziński and Hajac. In another direction of generalisation, initiated by Kadison and Szlachányi in [26] , the coacting bialgebra was replaced by a bialgebroid over a non-commutative base algebra. Although in this case monoidality of the category of comodules persists, non-commutativity of the base algebra results in a conceptually new situation. While modules over a commutative ring form a symmetrical monoidal category, the monoidal category of bimodules for any algebra is not symmetrical. The two directions of generalisation can be unified in the framework of extensions by corings. unital action M ⊗ k A → M. On elements an algebra action is denoted by juxtaposition. An Amodule map M → M ′ is a k-module map which is compatible with the A-actions. The category of right A-modules is denoted by M A . For its hom sets the notation Hom A (−, −) is used. Left A-modules are defined symmetrically. Their category is denoted by A M , and the hom sets by A For an algebra R, the category R M R of R-R bimodules is monoidal. Monoidal product is given by the R-module tensor product, with monoidal unit the regular bimodule. Hence the notion of a k-algebra (i.e. a monoid in the monoidal category of k-modules) can be extended to an arbitrary (non-commutative) base algebra R, as follows. An R-ring is a monoid in R M R . By definition, it means an R-R bimodule A equipped with an R-R bilinear associative multiplication µ : A ⊗ R A → A, with R-R bilinear unit η : R → A. Note that an R-ring (A, µ, η) can be characterised equivalently by a k-algebra structure in A and a k-algebra map η : R → A. A right module of an R-ring A is defined as an algebra for the monad − ⊗ R A : M R → M R . This notion coincides with the one of a module for the respective k-algebra A. Later in the paper we will be particularly interested in rings over a base algebra R ⊗ k R op , i.e. the tensor product of an algebra R and its opposite R op , which is the same k-module R with opposite multiplication. In this case the unit map η : R ⊗ k R op → A can be equivalently given by its restrictions s := η(− ⊗ k 1 R ) : R → A and t := η(1 R ⊗ k −) : R op → A, with commuting ranges in A. The algebra maps s and t are called the source and target maps, respectively. Thus an R ⊗ k R op -ring is given by a triple (A, s,t), consisting of a k-algebra A and k-algebra maps s : R → A and t : R op → A, with commuting ranges in A. Just as the notion of a k-algebra can be generalised to an R-ring, also the one of a k-coalgebra can be generalised to an R-coring, for an arbitrary (non-commutative) base algebra R. By definition, an R-coring is a comonoid in R M R . It means an R-R bimodule C equipped with an R-R bilinear coassociative comultiplication ∆ : C → C ⊗ R C , with R-R bilinear counit ε : C → R. Analogously to the coalgebra case, on elements c of C Sweedler's index notation is used for comultiplication:
Hom(−, −). For two k-algebras A and B, an A-B bimodule is a left A-module and right Bmodule M, such that the left A-action A ⊗ k M → M is a right B-module map (equivalently, the right B-action M ⊗ k B → M is a left A-module map). An A-B bimodule map is a map of left

A-modules and right B-modules. The category of A-B bimodules is denoted by
which is compatible with the C -coactions. The category of right C -comodules is denoted by M C . For its hom sets the notation Hom C (−, −) is used. Left comodules and bicomodules are defined analogously to the coalgebra case and also notations are analogous.
An element g of an R-coring C is said to be grouplike if ∆(g) = g ⊗ R g and ε(g) = 1 R . Recall a bijective correspondence g → (r → gr) between grouplike elements g in C and right C -coactions in R, cf. [13, Lemma 5.1] . A k-algebra map φ : R → R ′ induces an R-R bimodule structure in any R ′ -R ′ bimodule. What is more, it induces a canonical epimorphism
Note that Φ is necessarily a k-algebra map with respect to the canonical k-algebra structures of A and A ′ . Dually, a map from an R-coring 
Definitions and examples
In this section various notions of Galois extensions are reviewed. We start with the most classical notion of a Hopf Galois extension. The definition is formulated in such a way which is appropriate for generalisations. Generalisations are made in two directions. First, the bialgebra symmetry in a Hopf Galois extension is weakened to a coalgebra -still over a commutative base. Then the base ring is allowed to be non-commutative, so Galois extensions by corings are introduced. It is understood then how the particular case of a Galois extension by a bialgebroid is obtained. Finally we study Hopf algebroid Galois extensions, first of all the roles of the two constituent bialgebroids.
Hopf Galois extensions
Galois extensions of non-commutative algebras by a Hopf algebra have been introduced in [20] and [27] , generalising Galois extensions of commutative rings by groups. Hopf Galois extensions unify several structures (including strongly group graded algebras), studied independently earlier.
Beyond an algebraic importance, Hopf Galois extensions are relevant also from the (non-commutative) geometric point of view. A Hopf Galois extension (if it is faithfully flat) can be interpreted as a (dual version of a) non-commutative principal bundle. 
Since both the coproduct and the counit of a bialgebra H are unital maps, the ground ring k is an H-comodule via the unit map k → H. Furthermore, since both the coproduct and the counit are multiplicative, the k-module tensor product of two right H-comodules M and N is an H-comodule, with the so called diagonal coaction m [1] n [1] . Since the coherence natural transformations in M k turn out to be H-comodule maps with respect to these coactions, the following theorem holds. 
Note that, by the existence of a unit element 1 H in a k-bialgebra H, coinvariants of a right comodule algebra A (with coaction ρ A ) can be equivalently described as those elements
Definition 2.4. A k-algebra extension B ⊆ A by a bialgebra H is said to be a Hopf Galois extension (or H-Galois extension) provided that the canonical map (2) is bijective.
An important comment has to be made at this point. Although the structure introduced in Definition 2.4 is called a Hopf Galois extension B ⊆ A (by a k-bialgebra H), the involved bialgebra H is not required to be a Hopf algebra. However, in the most interesting case when A is a faithfully flat k-module, H can be proven to be a Hopf algebra, cf. [30, Theorem] .
Example 2.5. (1) Let H be a bialgebra with coproduct ∆ and counit ε. The algebra underlying H is a right H-comodule algebra, with coaction provided by ∆. Coinvariants are multiples of the unit element. If H is a Hopf algebra with antipode S, then the canonical map
is bijective, with inverse h 2) . This proves that k ⊆ H is an H-Galois extension. Conversely, if the canonical map is bijective, then H is a Hopf algebra with antipode
(2) Galois extensions of fields. Let G be a finite group acting by automorphisms on a field F. That is, there is a group homomorphism G → Aut(F), g → α g . For any subfield k of F, F is a right comodule algebra of k(G), the Hopf algebra of k-linear functions on G. The coaction is given by a → ∑ g∈G α g (a) ⊗ k δ g , where the function δ g ∈ k(G) takes the value 1 k on g ∈ G and 0 everywhere else. 
Galois extensions by coalgebras
Comodules of any coalgebra C over a commutative ring k do not form a monoidal category. Hence one can not speak about comodule algebras. Still, as it was observed in [33] , [16] and [15] , there is a sensible notion of a Galois extension of algebras by a coalgebra. Definition 2.6. Consider a k-coalgebra C and a k-algebra A which is a right C-comodule via the coaction ρ A : A → A ⊗ k C. The coinvariants of A are the elements of the k-subalgebra
Let B ⊆ A be an algebra extension by a coalgebra C. One can use the same formula (2) to define a canonical map in terms of the C-coaction ρ A in A,
Definition 2.7. A k-algebra extension B ⊆ A by a coalgebra C is said to be a coalgebra Galois extension (or C-Galois extension) provided that the canonical map (3) is bijective. 
is well defined and yields the inverse of the canonical map 2) ).
This proves that B ⊆ H is a Galois extension byH.
Geometrically interesting examples of this kind are provided by Hopf fibrations over the Podleś quantum spheres [10] , [29] .
Galois extensions by corings
If trying to understand what should be called a Galois extension by a coring, one faces a similar situation as is the coalgebra case: comodules of an arbitrary coring C over an algebra R do not form a monoidal category. As the problem, also the answer is analogous.
Definition 2.10. For a k-algebra R, consider an R-coring C and an R-ring A which is a right C -comodule via the coaction ρ
Require the right R-actions on A, corresponding to the R-ring, and to the C -comodule structures, to be the same. The coinvariants of A are the
is said to be a (right) extension of A coC by C .
It should be emphasized that though A coC in Definition 2.10 is a k-subalgebra of A, it is not an R-subring (not even a one-sided R-submodule) in general.
Let B ⊆ A be a k-algebra extension by an R-coring C . Analogously to (3), one defines a canonical map in terms of the C -coaction ρ A in A,
Definition 2.11. A k-algebra extension B ⊆ A by an R-coring C is said to be a coring Galois extension (or C -Galois extension) provided that the canonical map (4) is bijective.
Example 2.12. In fact, in view of [17, 28.6] , any algebra extension B ⊆ A, in which A is a faithfully flat left or right B-module, is a Galois extension by a coring, cf. a comment following [17, 28.19] . Indeed, the obvious A-A bimodule C := A ⊗ B A is an A-coring, with coproduct and
, and
By the existence of a grouplike element
Hence, by the faithful flatness assumption made, A coC = B. The canonical map is then the identity map A ⊗ B A, which is obviously bijective.
Bialgebroid Galois extensions
In Remark 2.8 we characterised Hopf Galois extensions as Galois extensions B ⊆ A by a constituent coalgebra in a bialgebra H such that A is in addition an H-comodule algebra. The aim of the current section is to obtain an analogous description of Galois extensions by a bialgebroid H , replacing the bialgebra H in Section 2.2. In order to achieve this goal, a proper notion of a 'bialgebra over a non-commutative algebra R' is needed -such that the category of comodules is monoidal. In Section 2.3 we could easily repeat considerations in Section 2.2 by replacing k-coalgebras -i.e. comonoids in the monoidal category M k of modules over a commutative ring k -by Rcorings -i.e. comonoids in the monoidal category R M R of bimodules over a non-commutative algebra R. There is no such simple way to generalise the notion of a bialgebra to a noncommutative base algebra R, by the following reason. While the monoidal category M k is also symmetrical, not the bimodule category R M R . One can not consider bimonoids (bialgebras) in R M R . In order to define a non-commutative base analogue of the notion of a bialgebra, more sophisticated ideas are needed. The right definition was proposed in [34] and independently in [28] .
and an R-coring structure (H, ∆, ε) on the same k-module H, such that the following compatibility axioms hold.
(i) The R-R bimodule structure of the R-coring H is related to the R ⊗ k R op -ring structure via
(ii) The coproduct ∆ corestricts to a morphism of R ⊗ k R op -rings
where End k (R) op is an R ⊗ k R op -ring via multiplication given by opposite composition of endomorphisms and unit map
A morphism from an R-bialgebroid H to an R ′ -bialgebroid H ′ is a pair consisting of a k-algebra
A new feature of Definition 2.13, compared to Definition 2.1, is that here the monoid (ring) and comonoid (coring) structures are defined in different categories. This results in the quite involved form of the compatibility axioms. In particular, the R-module tensor product H ⊗ R H is not a monoid in any category, hence the coproduct itself can not be required to be a ring homomorphism. It has to be corestricted to the so called Takeuchi product H × R H, which is an R ⊗ k R op -ring, indeed. Similarly, it is not the counit itself which is a ring homomorphism, but the related map in axiom (iii).
Changing the comultiplication in a bialgebra to the opposite one (and leaving the algebra structure unmodified) we obtain another bialgebra. If working over a non-commutative base algebra R, one can replace the R-coring (H, ∆, ε) in a right R-bialgebroid with the co-opposite R opcoring. Together with the R op ⊗ k R-ring (H,t, s) (roles of s and t are interchanged!) they form a right R op -bialgebroid. Similarly, changing the multiplication in a bialgebra to the opposite one (and leaving the coalgebra structure unmodified) we obtain another bialgebra. Obviously, Definition 2.13 is not invariant under the change of the R ⊗ k R op -ring structure (H, s,t) to (H op ,t, s) (and leaving the coring structure unmodified). The R ⊗ k R op -ring (H op ,t, s) and the R-coring (H, ∆, ε) satisfy symmetrical versions of the axioms in Definition 2.13. The structure in Definition 2.13 is usually termed a right R-bialgebroid and the opposite structure is called a left R-bialgebroid. For the details we refer to [26] .
A most important feature of a bialgebroid for our application is formulated in following Theorem 2.14. Comodules of an R-bialgebroid are meant to be comodules of the constituent Rcoring. Theorem 2.14 below was proven first in [ Proof. (Sketch.) Let H be a right R-bialgebroid with R ⊗ k R op -ring structure (H, s,t) and Rcoring structure (H, ∆, ε). By the right R-linearity and unitality of the counit and the coproduct, the base ring R is a right comodule via the source map s : [1] ) is a priori only a right R-module. Let us introduce a left R-action
On checks that M becomes an R-R bimodule in this way, and any H-comodule map becomes R-R bilinear. Thus we have a forgetful functor M H → R M R . What is more, (5) implies that, for any m ∈ M and r ∈ R, [1] .
Hence the R-module tensor product of two right H -comodules M and N can be made a right H -comodule with the so called diagonal coaction
Coassociativity and counitality of the coaction (6) Thus (using a bijective correspondence between left and right bialgebroid structures on a kmodule H, given by switching the order of multiplication), we conclude by Theorem 2.14 that the category of right comodules of a left R-bialgebroid is monoidal, with a strict monoidal
The important message of Theorem 2.14 is that there is a sensible notion of a comodule algebra of a right bialgebroid H . Namely, a right H -comodule algebra is a monoid in M H . This means an R-ring and right H -comodule A (with one and the same right R-module structure), whose multiplication and unit maps are right H -comodule maps. Equivalently, A is an R-ring and right H -comodule such that the coaction ρ A corestricts to a map of R-rings
The Takeuchi 
Hopf algebroid Galois extensions
As it is well known, the antipode of a k-Hopf algebra H is a bialgebra map from H to a Hopf algebra on the same k-module H, with opposite multiplication and co-opposite comultiplication. We have seen in Section 2.4 that the opposite multiplication in a bialgebroid does not satisfy the same axioms the original product does. In fact, the opposite of a left bialgebroid is a right bialgebroid and vice versa. Thus if the antipode in a Hopf algebroid H is expected to be a bialgebroid map between H and a Hopf algebroid with opposite multiplication and co-opposite comultiplication, then one has to start with two bialgebroid structures in H , a left and a right one. The following definition fulfilling this requirement was proposed in [8] , where the antipode was required to be bijective. The definition was extended by relaxing the requirement about bijectivity of the antipode in [5] . The set of axioms was reduced slightly further in [7 (i) The source and target maps satisfy the conditions
(ii) The two coproducts are compatible in the sense that
(iv) The antipode axioms are
Throughout these notes the structure maps of a Hopf algebroid H will be denoted as in Defini- 
Since a Hopf algebroid comprises two bialgebroid structures, there are a priori two different notions of (Galois) extensions by them. In what follows their relation will be studied. As a first step, the categories of (right) comodules of the constituent left and right bialgebroids H L and H R in a Hopf algebroid H are compared. Note that axiom (ii) expresses a property that the two coproducts ∆ L and ∆ R equip the total algebra H with an H L -H R and an H R -H L bicomodule structure. That is, using a terminology in the paper [14] , the L-coring in H L is a right extension of the R-coring in H R , and vice versa. Hence cotensor products define functors
cf. [ Proof. (Sketch.) The explicit form of a cotensor functor corresponding to a coring extension is given in [14] . Let us apply that general formula to the special instances in (7) . Using the notations introduced in Definition 2.17 and the paragraph following it, we obtain that the functor [1] to the same k-module M, with right L-action and right H L -coaction [1] to the same k-module N, with right R-action and right H R -coaction
Strict monoidality of the functors (7) and the fact that they are mutual inverses are verified by direct computation, using these formulae (8) 
Bijectivity of the maps in (10) 
There is a k-module isomorphism [1] . The canonical maps in (10) 
is bijective, with inverse h 
Cleft extensions
In this section a particular class of Galois extensions, so called cleft extensions will be studied. These are the simplest and best understood examples of Galois extensions and also the closest ones to the classical problem of Galois extensions of fields.
Similarly to Section 2, we will start with reviewing the most classical case of a cleft extension by a Hopf algebra in [23] and [4] . A cleft extension by a coalgebra was introduced in [16] and [12] and studied further in [1] and [19] . In all these papers the analysis is based on the study of an entwining structure associated to a Galois extension. Here we present an equivalent description of a cleft extension by a coalgebra, which avoids using entwining structures. In its stead, we make use of the coring extension behind. The advantage of this approach, developed in [9] , is that it provides a uniform approach to cleft extensions, including cleft extensions by Hopf algebroids, where the coring extension in question does not come from an entwining structure.
Cleft extensions by Hopf algebras
The notion of a cleft extension by a Hopf algebra emerged already in papers by Doi and Sweedler, but it became relevant by results in [23] and [4] . Note that, for a k-algebra (A, µ, η) and a k-coalgebra (C, ∆, ε), the k-module Hom k (C, A) is a k-algebra via the convolution product
and unit element η • ε. 
Theorem 3.2. An algebra extension B ⊆ A by a Hopf algebra H is cleft if and only if it is an H-Galois extension and the normal basis property holds, i.e. A ∼ = B ⊗ k H as left B-modules right H-comodules.
The construction of a crossed product with a bialgebra H (with coproduct ∆(h) = h (1) ⊗ k h (2) and counit ε) was introduced in [3] , as follows.
Definition 3.3. A k-bialgebra H measures a k-algebra B if there exists a k-module map
The H-measured algebra B is a σ-twisted H-module if in addition
Proposition 3.4. Consider a k-bialgebra H and an H-measured k-algebra B. Let σ : H ⊗ k H → B be a k-module map. The k-module B ⊗ k H is an algebra, with multiplication
and unit element
if and only if σ is a B-valued 2-cocycle on H and B is a σ-twisted H-module. This algebra is called the crossed product of B with H, with respect to the cocycle σ. It is denoted by B# σ H.
It is straightforward to see that a crossed product algebra B# σ H is a right H-comodule algebra, with coaction given in terms of the coproduct 
Theorem 3.5. An algebra extension B ⊆ A by a Hopf algebra H is a cleft extension if and only if A is isomorphic to B# σ H, as a left B-module and right H-comodule algebra, for some convolution invertible B-valued 2-cocycle σ on H.
Another important aspect of cleft extensions is that they provide examples of Hopf Galois extensions B ⊆ A, beyond the case when
Theorem 3.6. For a cleft extension B ⊆ A by a Hopf algebra H, the category of right B-modules is equivalent to the category of right-right (H, A)-relative Hopf modules, via the induction func-
tor − ⊗ B A : M B → M H A .
Cleft bicomodules for coring extensions
The aim of the current section is to reformulate Definition 3.1 of a cleft extension by a Hopf algebra, using the Morita theory of coring extensions developed in [9] . This will allow us to place results in Theorem 3.2 and Theorem 3.6 into a broader context. More importantly, it will provide us with a tool of generalisations in later sections.
Observe first that, for a right comodule algebra A of a k-bialgebra H, the tensor product C := (2) . For the coprod- [1] and for the corresponding
A ⊗ k H is an A-coring. The A-A bimodule structure is given in terms of the right H-coaction in
where
The algebra structures, bimodule structures and connecting homomorphisms are given by the following formulae.
[1] ) ≡ q(c [0] ) p(c [1] ) [0] p(c [1] ) [1] (
Let us compute the Morita context M(A) in our motivating example, coming from an algebra extension B ⊆ A by a k-Hopf algebra H. We claim that it is isomorphic to a subMorita context of a (degenerate) Morita context, in which both algebras and both bimodules are equal (as k-modules) to Hom k (H, A) , and all algebra structures, bimodule structures and connecting homomorphisms are given by the convolution product. Indeed, in the current case the k-algebra L reduces to k and the coring D reduces to the k-coalgebra in H. The role of the bicomodule Σ is played by A and the endomorphism algebra T is isomorphic to
Thus we conclude that Q is isomorphic to Hom H (H tw , A) , where H tw is the k-module H, considered to be a right H-comodule via the twisted coaction h → h (2) ⊗ k S(h (1) ). The monomorphism
Theorem 3.9. Consider an L-coring D which is a right extension of an A-coring C . For an L-C bicomodule Σ, put T := End C (Σ). The bicomodule Σ is cleft if and only if the following hold. (1) The natural transformation of functors
is a natural isomorphism.
(2) The normal basis property holds, i.
Proof. (Sketch.) Let us use the index notations introduced in the paragraph preceding (11) . If Σ is a cleft bicomodule then the inverse of the natural transformation (13) can be constructed in terms of the mutually inverse elements j and j in the two bimodules of the Morita context (11): [1] ).
This proves property (1). In order to verify property (2), a left
Conversely, if (13) is a natural isomorphism and κ : Σ → T ⊗ L D is an isomorphism of left T -modules and right D -comodules, then the required mutually inverse elements in the two bimodules of the Morita context (11) are given by
respectively, where ε D is the counit in the coring D .
For more details we refer to [9, Theorem 3.6].
A right C -comodule Σ, for which (13) is a natural isomorphism, was termed a Galois comodule in [35] . Note that if Σ is a finitely generated and projective right A-module then (13) 
and
then the category of right T -modules is equivalent to the category of right C -comodules, via the induction functor
Proof. (Sketch.) The induction functor − ⊗ T Σ : M T → M C possesses a right adjoint, the functor Hom C (Σ, −). The counit of the adjunction is given by evaluation, [1] and the corresponding (via [14, Theorem 2 [1] . If Σ is a cleft bicomodule then the inverse of the counit can be constructed in terms of the mutually inverse elements j and j in the two bimodules of the Morita context (11):
where in the last expression the natural isomorphism (13) appears (cf. Theorem 3.9).
The unit of the adjunction is
for any right T -module N. Any element q of the bimodule Q in the Morita context (11) determines a map ϖ q : [1] )(−). In terms of the mutually inverse elements j and j in the two bimodules of the Morita context (11) , and the finite sets
and {d i } ⊆ D in the Theorem, the inverse of the unit is constructed as
For more details we refer to Theorem 4.1, Theorem 2.6 and Proposition 4.3 in [9] .
If B ⊆ A is a cleft extension by a Hopf algebra H, then there exist one-element sets satisfying the condition in Theorem 3.10. Indeed, for v one can choose the counit in H and for d the unit element in H. Thus Theorem 3.10 extends Theorem 3.6.
Cleft extensions by coalgebras
Consider a coalgebra (C, ∆, ε) over a commutative ring k. The cleft property of a C-extension B ⊆ A appeared first in a more restricted form in [16] (and was related to a crossed product with a coalgebra in [11] ). The definition we use here was introduced in [12] , and studied further in [1] and [19] . an extension by C. Analogously to (12) , the Morita context M(A), corresponding the the k-C bicomodule A via (11) , is isomorphic to
, ∀c ∈ C } and (2) , ∀c ∈ C }, and all algebra and bimodule structures and also the connecting maps ′ and ♦ ′ are given by the convolution product. 
Cleft extensions by corings
Motivated by Proposition 3.7 and Proposition 3.12, we propose the following definition of a cleft extension by a coring. Note that, for an R-ring (A, µ, η) and an R-coring 
Cleft extensions by Hopf algebroids
As we have seen in Section 2.5, a Hopf algebroid incorporates two coring (and bialgebroid) structures. Along the lines in Section 3.4, one can consider cleft extensions by either one of them. However, it turns out that there is a third, more useful notion of a cleft extension by a Hopf algebroid. It is more useful in the following sense. First, it is the notion for whichanalogously to the case of Hopf algebras -the total algebra of a Hopf algebroid H is an H -cleft extension of the base algebra. Second, this definition of a cleft extension by a Hopf algebroid allows one to extend Theorem 3.5 to algebra extensions by Hopf algebroids.
Consider a Hopf algebroid H with constituent left bialgebroid H L over a base algebra L, right bialgebroid H R over a base algebra R, and antipde S. Take a right H -comodule algebra A with [1] . The comodule algebra A determines an A-coring C R := A ⊗ R H, with A-A bimodule structure
Using the notations in Definition 2.17, the coproduct in C R is A ⊗ R ∆ R and the counit is A ⊗ R ε R . Obviously, by coassociativity of ∆ R , C R is a C R -H R bicomodule, via the left C R -coaction provided by the coproduct in C R and right H R -coaction A ⊗ R ∆ R . That is to say, the R-coring (H, ∆ R , ε R ) is a right extension of C R . But we have more: by the Hopf algebroid axiom (ii) in Definition 2.17, C R is also a C R -H L bicomodule, via the left C R -coaction provided by the coproduct in C R and right Hence properties (1) and (2) in the Proposition are equivalent to A being an L-C R bicomodule. Analogously to (12) , the Morita context M(A), corresponding the the L-C R bicomodule A via (11) , is isomorphic to
The (co)module structures in (15) need to be explained. Let us use the notations introduced in, and after Definition 2.17, and in the paragraph after Theorem 2.19. An element v ∈ L Hom L (H, B) is a bimodule map with respect to the actions
As a k-module, (2) ) [1] = u(h (1) ) ⊗ R h (2) , ∀h ∈ H }, where u ∈ R Hom R (H, A) is a bimodule map with respect to the actions u(hs R (r)t R (r ′ )) = η R (r ′ ) u(h)η R (r), for r, r ′ ∈ R, h ∈ H. is a comodule map with respect to the regular H -coactions, it is R-R bilinear in the sense that p(s R (r)hs R (r ′ )) = η R (r)p(h)η R (r ′ ), for h ∈ H and r, r ′ ∈ R. In particular, p is an L-R bimodule map with respect to the actions
In (H tw , A) is R-R bilinear in the sense that q(t R (r)ht R (r ′ )) = η R (r ′ )q(h)η R (r), for h ∈ H and r, r ′ ∈ R. In particular, q is an R-L bimodule map with respect to the actions q(t L (l)ht R (r)) = η R (r)q(h)η L (l), for h ∈ H, l ∈ L, r ∈ R.
With the bimodule structures (16) , (17), (18) and (19) in mind, in the Morita context (15) all algebra and bimodule structures and also the connecting maps ′ and ♦ ′ can be written as a generalised convolution product in [7, Section 3] : 
